INTEGRAL REPRESENTATIONS ON NON-SMOOTH DOMAINS 
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Abstract. We derive integral representations for (0, q)-iorms, g > 1, on non- 
smooth strictly pseudoconvex domains, the Henkin-Leiterer domains. A (0, q)- 
form, / is written in terms of integral operators acting on /, df, and 8* f. The 
representation is applied to derive L°° estimates. 



1. Introduction 

Lieb and Range in [B] developed a powerful integral representation by which 
estimates in the theory of the 9-Neumann problem could be deduced. The main 
theorem was an integral representation of (0, q)-ioTm.s on D (ZG X a smooth strictly 
pseudoconvex domain in a complex manifold X. 

Theorem 1.1 ( Lieb- Range ) . Let Pq ; L^{D) ^ O n L'^{D) he the Bergman pro- 
jection. There exist integral operators Tq : L'^^ ^j^^^{D) L'^^ ^^{D) < q < n — 
diuiX such that for f G n Dom(d) C\ Dom{d*) one has 

f = Pof + Todf + error terms for q ~ 

and 

(1.1) / = Tqdf + T*_^d* f + error terms for q> 1. 

In (jl.ip the metric has to be carefully adapted to the boundary. The choice 
of the metric as the Levi metric as in Greiner and Stein [5] was essential in their 
"cancellation of singularities" argument, which allowed for treatment of terms in 
the representation as error terms. 

We take up the problem here of establishing an integral representation in the 
manner of [B] relaxing the assumption that D be smooth. Let D have a defining 
function, r. We allow for singularities in the boundary, dD of D by permitting 
the possibility that dr vanishes at points on dD. Such domains were first studied 
by Henkin and Leiterer in [4l, and we therefore refer to them as Henkin-Leiterer 
domains. 

We shall make the additional assumtion that r is a Morse function. Let ?7 be a 
neighborhood of dD. Then 

UC^D = {xeU : r{x) < 0}, 
r with only non-degenerate critical points on U. We have 

dD^{x: r{x) = 0}, 
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and we can assume that there are finitely many critical points on bD, and none on 
U\bD. 

In [T], Lieb and the author studied the Bergman projection on Henkin-Leiterer 
domains in C", and obtained weighted estimates. We here concern ourselves 
with proving an analogue of (jl.ip on Henkin-Leiterer domains. The domain D has 
an exhaustion of smooth strictly pseudoconvex domains {D^}^ on each of which 
the analysis of Lieb and Range applies. One immediate problem one runs into with 
this approach is that forms which are Dom(9*) on D are may not be in Dom(9*) 
on D^. We deal with this problem by using a density lemma of Hcnkin and lordan 
[3j which provides for forms which are in n Dom(9) n Dom((9*) and which 

approximate a given / e L'^{D) n Dom(9) n Dom(9*). Our approach therefore is 
to obtain an integral representation valid on each domain and in the end let 
e — > 0. In this approach we need to multiply our operators by factors of \dr\ so that 
convergence of the representation as e ^ is obtained. Let 7 = \dr\. The analogue 
of Theorem 11.11 we establish here is 

Theorem 1.2. Let D he a Henkin-Leiterer domain with a defining Junction which 
is Morse. There exist integral operators Tq : L^p qj^i-^{D) —> L'^q < g < n = 

dimX such that for f G L'^q C] Dom{d) D Dom(d*) one has 

7^/ = Tqdf + T*_id* f + error terms for q > 1. 

In a separate paper we build off the integral representation established here, and 
in particular we look at the mapping properties of the integral operators under 
differentiation so as to establish estimates. 

The author wishes to acknowledge the fruitful discussions with Ingo Lieb over 
the matters in this paper. His ideas and advice on particulars were instrumental in 
achieving the results here. 

2. Admissible operators 

With local coordinates denoted by Ci , . . . , , we define a Levi metric in a neigh- 
borhood of dD by 

A Levi metric on X is a Hcrmitian metric which is a Levi metric in a neighborhood 
of dD. 

We thus equip X with a Levi metric and we take p{x, y) to be a symmetric, 
smooth function on X x X which coincides with the geodesic distance in a neigh- 
borhood of the diagonal, A, and is positive outside of A. 

For ease of notation, in what follows we will always work with local coordinates, 
C, and z. 

Since D is strictly pseudoconvex and r is a Morse function, we can take = r-l-e 
for epsilon small enough. Then will be defining functions for smooth, strictly 
pseudoconvex D^. For such we have that all derivatives of are indpendent of 
e. In particular, 7^(0 = 7(C) and Pe{C„z) = p{C,z). 

Let F be the Levi polynomial for D^: 
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We note that F{(, z) is independent of e since derivatives of are. 

For e small enough we can choose (5 > and e > and a patching function 
<p(C,-2), independent of e, on C" x C" such that 



1 for ^^(Cz) < 



for > |e, 



2 

and defining Ss = {C- k(C)l < 5}, Ds = {( : r{C) < S}, and 

MC ^) = -^(C, z){F{C, z) - r,(C)) + (1 - ^(C, z))p\C, z), 
we have the following 

Lemma 2.1. On x Def]Ss x Ds, 

where the constants in the inequalities are independent of e. 
Proof. From a Taylor series expansion 

(2.1) 1^6,1 > -r,(C) - r^z) + p\C, z) + |Im^e|. 

On X D^, — re(C) — r^iz) > \re{C) — '>^e{z)\- We combine this with 

\lmct>,\+p\C,z)>\lm{dr,{0,C-z)\, 
and we therefore write 

\<l>e\> \reiO - r4z)\ + |Im(9r,(C), C - z)\ + p\^,z) 
>\{dr,{z),(:-z)\+p^{C,z), 
where the last inequality follows from 

I {dr, {z)X-z)\ + \ {dr, {0,C-z)\+p'{C,z)^ 

|re(C) -r,(z)| + \lMdre{C),C-z)\+p\C,z), 
which itself is an easy consequence of a Taylor expansion. 

All inequality signs have constants which are independent of e since ^ r. □ 

We at times have to be precise and keep track of factors of 7 which occur in 
our integral kernels. We shall write £j,fe (C, z) for those double forms on open sets 
U C D X D such that £.j^k is smooth on U and satisfies 

(2.2) £,,fc(C,^) <a(C)IC-^P, 

where is a smooth function in D with the property 

\rDM\<i', 

for Da a differential operator of order a. 

We shall write £j for those double forms on open sets U C D x D such that Ej 
is smooth on U, can be extended smoothly to D x D, and satisfies 

^j{C,z)<\C-z\\ 

£^ fc ^i^l denote forms which can be written as S.j,k{z, C). 

For > 0, we let Rn denote an A^-fold product, or a sum of such products, of 
first derivatives of r{z), with the notation Ro = 1. 
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Here 

P,(C,z) = p^(C,z) + 2 



7(C) liz) 

Definition 2.2. A double differential form A^{(,z) on I?e x is an admissible 
kernel, if it has the following properties: 

i) A"^ is smooth on x D^ — 

ii) For each point (Co, Co) G there is a neighborhood t/ x J7 of (Co, Co) on 
which yi*^ or A has the representation 

(2.3) R^Rlj£,,^£yPr''>4't'rJ'K''rirr 

with TV, M, a, /?, j, k,to, . . . ,m integers and j, fc, to, ^, > 0, — t = + • • • + 
t4 < 0, iV, M > 0, and + a, M + /3 > 0. 
The above representation is of smooth type s for 

s — 2n + j + min{2, t — I — ni} — 2(io + t — I — m). 

We define the type of A'^{C,, z) to be 

T = s - max{0, 2- N - M - a- P}. 

A^ has smooth type > s if at each point (Co, Co) there is a representation (|2.3p of 
smooth type > s. A'^ has type > r if at each point (Co, Co) there is a representation 
p.SP of type > T. We shall also refer to the double type of an operator (r, s) if the 
operator is of type r and of smooth type s. 

The definition of smooth type above is taken from [5]. Here and below {r^{x))* = 
r^^y), the * having a similar meaning for other functions of one variable. 

Let A^j be kernels of type j. We denote by Aj the pointwise limit as e of 
Aj and define the double type of Aj to be the double type of the Aj of which it is 
a limit. We also denote by to be operators with kernels of the form Aj. Aj will 
denote the operators with kernels Aj. We use the notation A^ ^.^ (resp. ^(j,fc)) to 
denote kernels of double type {j, k) . 

We begin with estimates on the kernels of a certain type. 

Proposition 2.3. Let A'^j he of type j, and 

2n + 2 



1 < A < 



2r;. + 2 - j 



Then 

(2.4) / lA^iCz^dViOKC 

and, similarly, 



(2.5) \A){C.z)\^dV{z)<C 
for C < oo a constant independent of e, z or 



Proof. That (|2.4p and (|2.5p hold for a fixed e > and a constant C which may 
depend on e follows from the results on smooth strictly pseudoconvex domains (see 
[5]). We will perform the calculations in the limit e ^ so that standard uniform 
boundedness principles apply to provide bounds uniform in e. 
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We handle the estimates case by case depending on the kernel's double type. For 
the various cases we now describe the coordinate system with which we work. Fix 
z such that 7(2) ^ 0. We define the complex tangent space at z: 

T,^ = {C:(ar(z),C-z)=0}. 

We define the orthonormal system of coordinates, si, S2, ^i, • • ■ , ^2n-2 such that 

ldr{z) ^ \ 

\ 7(z) / 

\ 7(2) / 
and such that ti, . . . , t2n-2 span T^^. Let also 

3 = \lsl + sl 

t = y^t? H |-i2n-2- 

From Lemma 12.11 we have 

\^\>\{dr{z),C-z)\+P^ 
which in the above coordinates reads 

101 >7(^)s + s'+t'. 



Case a). Aj is of double type (j, j). 

For kernels of double type (j, j), we can use the relation 7(C) = l{z) + £1,0 along 
with estimates for kernels of double types + 1) and (j, j + 2), to reduce the 
different subcases we need to consider to 

7(z)2 



pn~]/2 



' I Jl ^ p„-j/2-^|0|^+l - 

We will consider the last two subcases, since the first is easier to handle, and can 
be covered by case c) below. 
Subcase ii). 

We choose a < 2 such that 

2n - 2 + 2q; 



A < 



2n+l-j 
and let [3 = min(Q;, A). We have 

< 7(z)2^ / ^dsdt 

Jv (7(z)s + S2 + i2)A(52 ^_ ^2)A(„-1^) 

r j-2n — 3 

(2-6) ^ ^(^r-' X -^-^ (,_^,)2.„..(.-.-)-.. -^--^^- 
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where ^ is a bounded subset of M^. In the case /9 = a we can estimate the integral 
in daSl) by 

7(Z)2^-" / S^-'^^—rj—^dsdt<l, 
> ^2An+A(l-j)-2a ^ ' 

where the inequahty foUows from our choice of a. 
In the case that (3 — Xwe choose a a such that 

cr < 2 - A 

2n - 2 + (J 



A < 



2n - 1 - J ' 
and we have 

7(z)^ / s^^^- — —^dsdt 

' Jv (s + t)^(2»-i-J) 

r j-2ri-3 

<l{z)^ s^-^-" , dsdt 

< 1, 

where the last inequality follows from our choice of a. 

(j2.5p holds in a similar manner by switching Q and z. 
Subcase in). In this case to prove (|2.4p wc choose a so that a < 2 and 

2n - 2 + 2a 
^ 2n + 2-j ' 

and estimate 



'^^^''^^ Jd 101^(^+1) P-^(«-a'-j72) '^''^(^^ 

/■ „+2n-3 

< '7fzl2A / tl dsdt 

^ Jv h{z)s + s2 + i2)A(M+l) (s2 ^ ^2)A(«-p-j72) 

/j-2n— 3 
/^' %A(2„+2-,-)-2. ^^^^ 

<1, 

where F is a bounded subset of K2 

Again, (|2.5p holds in a similar manner. 
Case b). Aj is of double type + 1). 

The different subcases we need to consider are 



a) \Aj\ 



< 



iii) U,| < ii>l. 

Subcases i) and ii) can be handled by the estimate in case c) below. The more 
difficult estimate is that of subcase iii), for which we choose an a < 1/2 which 
satisfies 

2n + 2a 

^ < 

2n + 1 - J 
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and estimate 



[ ^- dViC) 



^liz) / : 7TT dsdt 

/y (7(z)s + S2 + t2)A(M+l) (s2 + i2)A(n-l+--/.) 



r y-2n— 3 

<7(z)^-i / dtds 

^ ' Jv (s2+<2)A(n-l^)-l 
< / S-2"t2n-l-A(2„+l-j)+2a^^^^ 

Jv 

where is a bounded subset of IR2 
Case c). Aj is of double type + 2). 

Using the coordinates of cases a) and b), we can estimate all the subcases for 
kernels of double type {j, j + 2) by 

I- „f2n-3 

\M(,zrdv{0< / 7:rr72^xn:^dsdt 



y (s2 + i2)A(«~j72) 
r-M 

< / r2"-i-^(2"-i)rfr 







< 1, 



where F is a bounded subset of M2^ > is a bounded constant, and r — y/s^ + t^. 
The same estimates hold for (12.51). □ 



As a consequence of Proposition 12.31 and a generalization of Young's inequality 
[7] is the 

Corollary 2.4. Let Aj be an operator of type j. Then 

A.f : LP{D) ^ L'{D) ->-- ^ 



s p 2n + 2 
We let £i_2n(C; z) be a kernel of the form 

£m,o(C, z) 



£1-2JC,^) 



where m — 2fc > 1 — 2n. We denote by i?i_2n the corresponding isotropic operator. 
The following theorem follows from [5]. 

Theorem 2.5. Then we have the following properties: 

i?i_2„ : LP{D) ^ L%D) 

for any 1 < p < s < oo with 1/s > 1/p — l/2n. 



3. Basic integral representation 



In this section we present the basic integral representation for forms on bounded 
smooth strictly pseudoconvex domains as worked out by Lieb and Range [6] . 
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We start with the differential forms 



a.(C,^)=e(C) 



where f (C) is a smooth patching function which is equivalently 1 for \r{Q)\ < 6 and 
for > and 5 > is sufficiently small. We define 

n—q—2 q 



fj.=Q iy = 



where 



and 

Denoting the Hodge ^-operator by *, we then define 



We also write 



and 



The kernels in our integral representation are defined through the following for 
g> 1: 

T^^'{Q,z) = dcC\{(:,z)-d.C\_,{C,z), 

r;(c,z) = r-(C,^) + 7;-(C,^) 
v'qiC,z)^Ql{C,z)~-Q':;{Cz) 

= d^a.c\_,{c,z) ~ {^ca.c\-i{C,z)Y 

We denote the operators with kernels and 7^^ by and P^, respectively. 

As mentioned above our goal is to establish C'^-estimates on the Henkin-Leiterer 
domain, £), by exhausting D by smooth strictly pseudoconvex domains, {D^}^ and 
using the analysis of Lieb and Range [5] on the smooth domains . It is therefore 
necessary to be able to approximate a given form / e Dom(3*) H Dom(9) by forms 
/g such that 
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For this purpose we define the graph norm on D 

\\urG = \\ur+\\dur+\\d*ur. 

With H, = 88* + 8*8 + I, 

Dom(i7e) = {/ e Doni(a;) n Dom(5)|9/ £ Dom(5;), 8*J e Dom(9)}, 
and De defined by 

a, = 88* + 8*8, 

we make the fohowing 

Definition 3.1. We say / is in the space M(^p^q){D), f e M(^p^q){D), if / is the 
limit in (D; loc) of f, G Dom such that sup,{|j/e||G,e, UDe/elU < oo. 

From [3] we have the following 

Proposition 3.2. A^(p^)(_D) is dense in Dom{8*)r)Dom(8) for the graph norm. 

Let / e Llq{D) n Dom(9*) n Dom(9). We take a sequence {/eje such that 
/e S Dom and /e — > / in the graph norm. 

For each we apply the analysis of [6] on Z?e, taking into account factors of 7, 
and obtain the integral representation 

Theorem 3.3. 

Uz) =T\dU + (T^-i)*5:/, + 

+ 2) + i?2-2„) 8f, + E2-2nd:f, + (^^(-1.1) + El-2?j /. • 

The proof follows as in 5 , but since the factors of 7 are of particular importance 
here, we sketch the proof including this new detail. 

Sketch of proof . Our starting point is the Bochner-MartincUi-Koppelman (BMK) 
formula for / € Cq ^{Dg). Let Bq be defined by 

Bq = nqip) = - 1 j ^_L_/3 A {8cPr-^-' A (a.^)^. 

Then for z e D, 
(3.1) 



/(C)Ai3,(C,z)- / dfiOABqiC,z)~d. /(C)Ai?,_i(C,z) 

+ (/(C), £l-2„(C, Z)) + (a/(C), £2-2n(C, Z)). 

Define the kernels Kg{(^,z) by K^{(,z) — ilg(ae). We then proceed to replace 
the boundary integral in the BMK formula by 

Let Co G be a fixed point and U a sufficiently small neighborhood of Co- -^'(C, ^) 
vanishes on the diagonal of U x U, so Hefer's theorem applies to give us 

n 

F(c,2) = 5]/i,(C,^)(0-^,). 
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We set 

a iCz) = p . 

With the metric given by 

ds'^ = '^gjkiOdzjdzk, 
(recall the Levi metric is independent of e) we define 

n 

b°{C,z) = 93k(Ck-Zk)dCj 

n 

j,k=i 



With use of the transition kernels Cq defined above, we have via Koppelman's 
homotopy formula 

On {dD r\U)xU we have 

flq{a^) = f^g(ao) + £00 



and onU X U we have 
Thus we write 



p2n 
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by which it then foUows from the homotopy formula and the relations between I 
and and R^, exactly as it was obtained in that we have 

(3.2) 



+ £-2-2n + d, 



c, 



V+£2 



1 \ " ' ^ 



(■p2)l+Ai+i' 



E 



Cqai' Ol 



y 

V + £2 



V + £2 



dp^ + £2 

p2 



V + £2 



E£4+2/^+2iy 



a-1 



E&3+2^+2iy ^ / ( 



- C,_i(a<:,/3) 

V + £2 



We now work with C, € so that F — (j)^. 

For (7 > we have ^lq{a^) = rig(a'^) = near the boundary diagonal. Further- 
more, 



V + £2 



-Ri — T"^ — ; — 



£1 



M+''^^2^n-l- 



fj. — iy 



and thus 



£4+2/^+21^ 
1 .1+^+1/ 2ji 



'4+2;i+2i' 



-:-3+2M+2t/ p 
rti — ^— — ; h rti 



/l + /i-|-!^ 2 



Rl 



-5+2/^+2 



1/ + £4+2^+21/ A 9^re 



And a similar formula holds for the 



a I Sr^ £3+2^1+21^ ^ / + ^2 "\ \ 

term. 

For v > we have Cg^j, |^a°, ^^-0^^ — Cqfj_^{a^, (3) = near the boundary 
diagonal, and for v = we have 

V + £2\ ^ ,^ £2 



(3.3) 



- C'g^o(ae, /3) 



^l+M(^2)„-l- 
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and thus 



£i , £3 + £2 A dr^ 



An analogous formula holds for 

(|3.2p can thus be written 

=f^,(a,) + i-iy+^BcCgia,,/]) + (a^, /3) + £2-2^ 

£3+2t £4+2r A Sr^ £5+2t 

Thus, after integrating by parts we obtain 



J A n^ia,) + a/ A q + 9, / / A + / /A £2-2n 

dD, JdD, JdD, JdD, 

We now replace all occurrences of in the denominators by P^, since the two are 
equal on dD^, and then we change the boundary integrals to volume integrals by 
Stoke's Theorem: 



df A n,{a,) + (-!)« / / A d^o^e) + ("1)'+' / df A d^Cl 



+ 9/Aa.c^_i + (-i)«a, / fAdcC'^_,+ a/ A £2-2 

,\^f f A I ^2+2r n £3+2r £4+2r ?'* £3+2 



3+2r 

,n+l 



p £5+2t n £6+2t „ ^ _^5+2t_ 

rt2^2+rp„+l +"l^l+-p«+2 +^1^* 
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Inserting this expression of the boundary integral into p.ip . and using our no- 
tation of operators of a certain type, we can write 



f{z)^{-lY fAdMa,)+ a/Ar!,(a,) + (-l)«+M 9/ A ^c^^ 

+ if, £i_2„) + (^/, + i9f, £2-2n) + (9/,yl^o,2)) 

The rest of the proof foUows as in [6] to obtain a rearrangement of the terms, 
and we arrive at the form of the representation in our theorem. □ 

4. Cancellation of singularities 

Lemma 4.1. 



1 



with -estimates independent of e. 
pi 

Proof. Since ^ r, we show that 

- G C\D). 

7 

Outside of a neighborhood of any critical point of r, the result is obvious. We 
denote the critical points of r by pi , . . . , , and take e small enough so that in each 

U2e{PJ) = {(:■■DC^\(:-p,\<2e}, 

for j ~ 1, . . . ^k, there are coordinates Uj-^ , ■ ■ ■ , uj^ , f , ■ • ■ , Vj^^ such that 



.2 , , .,2 „2 ^2 



(4-1) -r(C) =<+••• + <. 

with Uj^ {pj) — Vj^^ (pj) = for all 1 < a < m and to + 1 < /? < 2n, from the Morse 
Lemma. 

In these coordinates 

where u'j — u'j^ + ■ ■ ■ + u^^ and w| — Vj^^^ + • • • + uj^,, • 

It is then easy to see f(C)/7(C) is in by differentiating with respect to the 
given coordinates. □ 

Theorem 4.2. 

= £'l-2n + ^1- 

Proof. The proof is a direct result of the operators which make up T^. In particular, 
the kernels and >C^_i are sums of terms of the form 

(4.2) ^1(0 -^.^1 'U-i ' '^^O' 
and if X is an arbitrary vector field in either C or z, we use 

(4.3) XP, ==£i,o +7^0,0 + 7*£o,o 
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to calculate derivatives of the kernels ()4.2|) . (14. 3|) follows from Lemma WA\ and from 
the property 

- = 7£o,o, 
7 



which also holds by the proof of Lemma 14.11 □ 

The proof of the next theorem will take up the bulk of this section. If one 
calculates the type of the operators associated with the operator as we did in 
Theorem 14 . 21 i ust by looking at two vector fields operating on the kernels the 
conclusion would be that is an operator of double type (—1,0). However, the 
combination of the two terms involved in P^ cancels one order of singularity in the 
kernels and thus leads to better mapping properties. We shall prove the 



Theorem 4.3. 



The following lemma follows as in the smooth case (see [6]). 
Lemma 4.4. 

0£ - </)* = £3. 

For all e sufRciently small, we work in coordinate patch near a boundary point 
of D and define orthogonal frame of (l,0)-forms on a neighborhood U H with 

, . . . , w" where dr^ = 7w" as the orthogonal frame, and Lf , . . . , comprising 
the dual frame. These operators refer to the variable When they are to refer to 
the variable z, they will be denoted by 9^ and Aj, respectively. 

Proposition 4.5. 

i) 7A^,Pe = -20, + ^ (£o,oPe + £2,0) + £2,0 

7 

il) YL'^Pe = -2C + — (£o.oPe + £2,0) + £2,0 

7 

Proof. We follow the proof of Proposition 2.18 in [5]. We prove i) since ii) is a 
consequence of z). 
We have 

A;P, = A,y + 2^-i^£o,o^. 
We fix the point C and choose local coordinates such that 

dz^o = e}(c). 

Working in a neighborhood of a singularity in the boundary and using the coor- 
dinates in (|4.ip , we see g|r is a combination of derivatives with coefficients of the 
form Co(C)j while A„ is a combination of derivatives with coefficients of the form 
^0(2), where ^0 is defined in (|2.2p . We have A„ — g|- is a sum of terms of the form 

(eo(^)-eo(c))A^ = £l.-lA^ 
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where A'^ denotes a first order differential operator, and the last line follows from 

J L ^ 7(-^)-7(C) 

7(0 7(07(2) 

1 7^(0 -7^(0 



< 



7(0 7(0(7(0+7(0) 

1 ei(0£i 

7(0 7(0(7(0+7(0) 

1 £1.0 
7(0 (7(0+7(0) 

1 £1,0 



7(z) 7(z) 
= £1,-2. 

We note that Oj = Oj|^ , and therefore we will suppress the e superscript in 
the variable as well as in the differential operators denoted by A. We have 

p2 = i?2 + £3 

and 

OZn 

= -2(C„-z„) + £S,^i, 

where the last line follows from gjk — 26 jk due to the orthogonality of the Qj. 
Finally, this gives 

AnPe = -2(C„ - Z„) + 2^ - ^£0,0^ + £*2 -1 

7 7 77 

(4.4) = -2(C„ - z„) + 2^ - A(£o,oPe + £2,0) + £;,-i. 

7 7 ■ 

We compare (I4.4p to by calculating the Levi polynomial, Fe(C, z) in the above 
coordinates: 

^,(C,0 =^.(00-'^.(0 + £2 

(4.5) =7(0(C„-^n)-r,(0 + £2. 

i) then easily follows. □ 
Proposition 4.6. 

(4.6) 77* I - ^ = 4|0,|2 + r,(C)£2 + £3,1 + £3,1 + -£4,0. 

Proof. We use coordinates as in the proof of Proposition 14.51 In particular, we 
write 

Lj = 4r + ^i.-i^- 
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Thus, 

We can then write 



d 



£3,-1 + £4,-2 

2 



4|C, - + £3,-1 + £4, 



Furthermore, from (14.51) we have 



= 7(C« - ^n)[7(C„ -^n) - re(C) + £2] " r,(C)^, + £20e 

= ll*\Cn-Zn?- r.(C)[7(Cn " Z„) + 0,] + r,(C)£2 + 7£3,0, 

where we use 7(C) = 7(2) + £i_o in the last step. 
From Lemma 14.41 we have 



7(Cn - Zn) + (?!>e = 7(Cn " ^n) + 0^ + £3 

= 7(Cn - Zn) + 7* (2:™ - Cn) - Te{z) + £2 
= -r^{z) + £2, 

and so we can write 

4>e(l)^ = 77*ICri - Zn\^ +ry^ +r^E.2 +7£3,o- 
(|4.6|) now easily follows. 



□ 



From 



we have 



where 



(4.8) c„^„ = V — zj''^'^ A e'^ 



' Tjn—pu-l 

\Q\ = q -f^E 



and gq^iC) is a real valued function of the form i?i (C)(Tg^((^) for a real valued 



function dg^. It follows that 



Proposition 4.7. Let C^^ be given by i4.8\ ). Then 

gq^^iO^cdzCl - g<i,{z){^cd^ci^T = ^^(-i,i) + :^^(-i,i)- 
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We write 



\K\ = q + l 
iL\ = q + l 

and 



To prove Proposition [4?7l we show 



A' I =9+1 
-£-1 = 9 + 1 



7 ' ' ' 7 

With 



p' 



and using Kk4>^ — £i,o, we have 



IQI = 9 ' 



where K, L, and Q are multi-indices, and the symbol e^g is defined by 

'O if {kjUQj^L 

if kQ differs from L by an even permutation 
-1 if kQ differs from L by an odd permutation. 



Lemma 4.8. 



==^1 



pn-n-l pn-fj. 



{Lkp'){L,p') 



+ error k < n 



■ s , ,eu 1 2(n - u - l)L,p2 

where "error " refers to error terms with the property that any derivative with respect 
to the C variable leads to kernels of the form 

-•^(-1,1) + :^-^(-i,i) + :^-^(o,2)- 

Proof. Wc will prove ii), the proof of i) following similar arguments, and being 
easier to prove. 

It is straightforward to check with the aid of coordinates chosen as in Proposition 
Ithat 

Ljp'^ = iCj ~ Zj) + £2-1. 
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When it is not necessary to refer to the special coordinates in Proposition 14.61 we 
can also write Ljp^ — Ei. We will also refer to the calculation 



_d_ 

dz„ 



+ £2.0 



=Lj{-{(n - Zn) + £2.-1) + £2,0 



d 



=£1,-1 + £i,-ij 



for j < n, below. 
We have 



£1,- 
£1,-1 



A, 

£* _ 



P. 



n—fj,— 1 



&i,-i -t- 

J e 



Pe 



-AnPe 



£* _ 



I {n — fi — l)Ljp'^ 



:7M+ip„-^-i 



-20, + ^ (£o,oP. + £2.0) + £2 
7 



(4.9) 



£3,0 



--3,0 



7M+I p«-p-l 



7M+I - 



n—fi 



from which m) easily follows. We used Proposition 14.51 in the third equality above. 

Applying a differential operator with respect to ^ to the last three terms in (|4.9p 
and noting the types of kernels which arise finishes the proof. □ 



We start with the case /i = and compute L,nA4^^-. 



Lemma 4.9. Let m, k, j < n. Then 
2(n- 1) 



{SkjL„,p^ + S,njLkP^) ~ ^^„n+l iLmP^){LkP^){LjP^) 



in) LnM% 



7 7 
,0 _2(n - 1) / 2(5mj 



7 



\ P"' 



7 



n 

pn+ 



, (7^-l)(Lfep2)(7,^.p2) 



.p 



Ji-1 



^ / 2n(n-l)(Lfcp^)(Ljp2) _ 4(n - C 



7 



2-^(0,2) 



iv) LnM 



eo _4n(n- 1) 



11] 



IT 



n+l 



(-1,1)- 
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Proof, i). We use 

(4.10) ^"x^ = -^hn^^'^^ - - 

since for m < n we have hmPe — £-o,o{Pe + £2), and 
(4.11) 

=^(L,p^)(I,p2)) ==l-(L™L.p2)(I,p2) + =l-(L,p2)(L„L,p2) 

An easy calculation gives 

LmLkp^ = (Cfc — Zk + £2,-1) 
9 



£1,-1 + £2,-2 



+ £i,-iA (Cfc - zk) + £,„(£2.-i) 



LmLjP^ — 26mj + £1,-1 



2 , £0,0 , 



i^Pe = W + — (^^ + £2) 

7 

so that the right hand side of (|4.1ip becomes 
(4.12) 

2Smj fj- 2\ '"'IT 2\iT 2\/r 2n , £2,-1 + £3,-2 , £4,-1 , £3 

(p,P^ 4>,Pe^ (p^P^ 4>ePe (hP, 



(|4.10p . and (|4.12p together with the form of A^^° from Lemma prove part i). 
a). We have 



f 1 2{n~l)Ljp^ \ _ 2{n~l)L^L,p'' 2n{n~l)L,p\ p , 

"'[liO pp 7 7 pr 7 p^+i'^'^^^ + ^^p,. 

_ 4(n - 1) S„,j 2n{n ~ 1) L^p^ ^ ^ 

- ^ pn ^ pn+l^rnP 

1 £i 1 £3,0 

~'~ ^2 pn ^ ^2 pn+1 

as in the proof of i). Taking into consideration the error terms from Lemma [4^ 
we conclude ii). 
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in). 



~2S, 



kj 



Since 



P" 



n — 1 



_J25kj_ 

nn — 1 



(-7(0 + £i) 



pn 



7 7 



-, 1 4(n-l)4, ,/,: 1 1 



_9_ 



£i,-iA i? 



£1, 



-Lk{Cn — Zn + £2,-1) + £1,-1 



d 



— + £i,-iA ) (C„ - z„) + £1,-1 + £2,-2 
=£1,-1 + £2-2, 



we have 



n — 1 



n{n — 1) 



=^(L„0J(Lfcp^)(L,p^) - ' ' {Lr.P,){Up'){L,p') 



n — 1 — 

=7^(W)(W) + =f^ 



n(n — 1) 



^^^^(ifeP^)(i.P^) (^-2^ + - (£oP. + £2) + 
(n - l){Lkp'){Ljp') , 1 2n(n - l){Lkp'){Ljp') 0* 



£2,0 \ £2,-1 + £3,-2 



pn 



7 



n+l 



-■^(-1.1) + "^-^(-1,1) + T^-^hay 



KPP 



Putting these calculations together and including the error terms from Lemma 14.81 
we can prove in). 
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iv). To prove iv) we calculate 

^ / 1 2(n-l)Ljp2\ 12(n~l)Ijp2 1 2(n - l)L„Ljp2 

^« T77T TT;. = - ^"7 ' 



1 2(n-l)L,p% 
7 P"+^ 

_ 1 2(n-l)L,p^ / 0: 1 £2,0 
- - ^1 1^-2— + - {Lo,oP. + £2,0) + — 

+ ^^^ 

_4n(r7,- 1) 0* 2 1 1 

The error terms may also be absorbed into the terms of the last calculation. □ 

Proof of Proposition \4.T\ To compute v4|^^ we follow [S] and consider four cases: 
Case 1. n Cz K and n G L. 



j,m<n 



j,m<n 

By Lemma l4!9l ii) . 

Case 2. n ^ K and n ^ L. From [S] (see also [S]) 



jk) ■ 



jeK 

keL 



We refer to Lemma iii) to calculate 
We have 

(4.13) ^-J^^-^fA-^V^ 

7' a+^:)£3 , 

— .^(o,i)- 
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Furthermore, 

(4.14) ,(c)(^^^:)(^^-^^)-,(.)f(^^-^:)(^^^^) 



£2,1 / 1 1 



■ -^(0,1) + -^(-1,1) 

■ -^(1,-1)' 



'•^(-14) 



and 



7 7* 0e 



p„+il^*^^ 7 



n+l 



=7 + £i._i=^ + £1,-1 — 



£2 Mi±MiU^yi^ + 



7 1 7V 1 1 1 



Similarly, 

j*pn^^ 7 \Pr^J 7 '"'^'^ 7* ^ '''' 

From the last three terms in Lemma H^mz) and (|i?T^ . (|i?TIl) . ((iTT5)) . and (|i?TBl) 
we conclude 

jiOLnMf^-jiz)iKM%r = + ^Al_,^,y 

Case 3. n ^ K and n E L. 

- ^nQl^^K^jP ,pn+l + 2-^(-l,l) + 

by Lemma 14.91 iv). 

Case 4- n e K and n ^ L. From [5] (see IV.2.57) 

^KL = ^nS E ^fej E '^j-'^fcj ^ E ^kmM^njM^rn-M'^^j. 

keL j<n m.keL 
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The second sum is -A"; , , n + -^A'; , , n + -^A';„ „^ because 



from Lemma 14.91 i) . For the first sum we set m = j in Lemma 14.91 i) , and use 
the first two terms on the right of which can be written by Proposition 14.61 as 

1) r_ „2 / oo „2|2^ _4n(n-f) 

j<n 



- ^) T 2 OP Y^ir 2,2 ^n[n-L) |0,r 2 



+ + :^-^(o.2)- 

This gives 

(4.18) ^XL-— — ; — -^;i+T£nj 2^ EfejifeP +-;^-^(-i,i) + T2-^(o,2)- 



Case 3. n ^ K and n L. Comparing (|4.f 7p and (|4.f 8p we obtain 



and 



4^0 ^a: 4n(n - f ) 0, ^ „2 , 1 , ^ /re 



Case 4- We can reduce it to Case 3 by 



7(CXl - 7(^)«k)* = -(7(CXk - l{z){Af 



□ 

This also concludes the proof of Theorem 14.31 As an important corollary to 
theorems 14.21 and 14.31 we see if we compose the operator with 7^7* or with 
7(7*)^, we obtain operators which are of type 1. This is the idea behind the next 
theorem which results from multiplying the basic integral representation Theorem 
13.31 by an appropriate number of factors of 7 and 7* . We can then let e ^ to 
obtain a representation on the domain D. 

For a given / g LQ g{D) n Dom(i9) n Dom(9*) we take a sequence {/e}e which 
approaches / in the graph norm by Proposition 13.21 With the use of Theorem 13.31 
we define operators T^, S^, and so that we have the representation for each /e 

(4.19) Mz) = T^df, + SpU, + P,7.. 

We then define the operators Tq, Sq, and Pq to be such that ^*TqO'^^^ 7*55 07^, and 
7*P, o 7^ are the limit operators, as e ^ 0, of Y^q o 7^, 7*5*^ o 7^, and 7*P| o 7^, 
respectively, which exist by Proposition [231 Wc therefore obtain the 
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Theorem 4.10. For f e g^{D) n Dom{d) n Dom{d*), 

j{zff{z) = j*T,d i^'f) + rSgd* (7V) + 7*n (7'/) . 
5. Estimates 
We define Zi operators to be those which take the form 

Zi = ^(1,1) + Ei-2n O 7: 

and we write Theorem 14.101 as 

(5.1) 7'/ = ^i7'5/ + Zi72a*/ + ^i/. 

We define Zj operators to be those operators of the form 

j times 
Zj = Zi o ■ ■ ■ o Zi . 

By applying CoroIlarv l2.4l and Theorem 12.51 n + 2 times, we have the property 

Z„+2 : L^D) ^ L°-{D). 
We now iterate (|5.1|) to get 

73^ =(Zi73(J-i)+2 + Z27'(^"'^+' + • • • + ^,7')<9/ 

+ (Zi73(^-i)+2 + Z27'(^-2)+2 + • • • + Z,j^)d*f + Z,f. 
Then we can prove 

Theorem 5.1. For f e Ll g{D) Dom{d) n Dom{d*), q > 1, 

ll7'^"+'VlU== < Il7'9/||oo + h'aVlloo + II/II2. 
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